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Solution to these problems are provided by STEM Jock.

Section 6.2

Problem 3
Statement
2
Fs)=
(s) s?+3s—4
Solution

Factor the denominator.

2
Fls)= ——
(s) s?+3s—4
B 2
C (s4+4)(s—1)
255 2/5
s—1 s+4
Take the inverse Laplace transform now to get f(t).
2 2 4
f(t) ge —ge
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Problem 11

Statement

Solution

Because the ODE is linear, the Laplace transform can be applied to solve it. The Laplace

transform of a function y(t) is defined here as

Y(s) = Liy(t) = L e Sty(t)dt

Consequently, the first and second derivatives transform as follows.

dy B B
L{a}—sv(s) y(0)

2
2L S = 2v(s) - sy(0) -y (0

Apply the Laplace transform to both sides of the ODE.
L{y" =2y +4y} = L{0}

Use the fact that the transform is a linear operator.
Ly =2L{y"}+4L{y}=0
[s2Y(s) —sy(0) —y'(0)] —2[sY(s) —y(0)] +4Y(s) =

0
Plug in the initial conditions, y(0) =2 and y’(0) =0.
[szv(s)—zs} —2[sY(s)— 2] +4Y(s) =0

As a result of applying the Laplace transform, the ODE has reduced to an algebraic

equation for Solution Y , the transformed solution.

s2Y(s) —2sY(s) +4Y(s) —2s+4 =0
(s2—2s+4)Y(s) =2s—4



2s—4
Z-2574
2s—4
s?—2s+1+4—1
254
(s—1)243
 25—2-4+2
T (s—1)2+3
2(s—1)-2
 (s—1)2+43
s—1 2
(s—1)2+3 (s—1)243
s—1 2 V3
(s—]) +3 3(s—1)2+3

Take the inverse Laplace transform of Y(s) now to recover y(t).

Y(s)=

y(t) = L7{Y(s)}
I S—] 2 \/g
=L {2(3—1) 243 3(s—1)2+3 }
_ 9l s—1 2 V3
S =l et {m}

2
— 2etcos V3t — ——elsin V3t

V3
Problem 19
Statement
t, 0<t<«1
y'+y=4 2—-t, 1<t<2, y(0)=0, y(0)=0
0, 2<t<
Solution

Let f(t) represent the piecewise function on the right side.

t, 0<t«l
Y Hy=~ft)=< 2—t, 1<t<2
0, 2<t<



Because this ODE is linear, the Laplace transform can be applied to solve it. The Laplace

transform of a function y(t) is defined here as

wa:Lth{je“mwﬁ.

Consequently, the first and second derivatives transform as follows.

dy |
L{a}—wm—mm

dZ
L£325 p=52Y(s)=sy(0)—y(0)

Apply the Laplace transform to both sides of the ODE.

L{y"+y} = L{f(t)}

Use the fact that the transform is a linear operator.
L{y"}+ L{y} = L{f(1)}
[SZY(S) —sy(0) —y/(0)] +Y(s) = [ e Stf(t)dt
Plug in the initial conditions, y(0) =0 and y/(0) =0, and f(t).

1 2 00
e St(t)dt +J e St (2—t)dt +J e St0)dt
1 2

[SZY(S)} +Y(s) :J

0

1 2 2
<52+1>Y(s) :J teStdt+2J eStdt—J te Stdt

0 1 1
1—(s+1)e" e S—e 2 e 5 _2ge 4 (s+1)es
= 3 +2 — 5
s s s
R N e 2 2eS
sz g2 s?

Divide both sides by s%+1.

Y(s) = 1 N e 28 2
_52(32+1) s2(s2+1)  s2(s2+1)

1 1 1 1 s 1 1 _
= 4 (== N LI P
s2 sz+1+<s2 sz+1)e (sz sz+1)e
Take the inverse Laplace transform of Y(s) now to recover y(t). Note that H(t) is the
Heaviside function, which is defined to be 1 if t >0 and 0 if t <O.




Problem 22

Statement

Solution

1 [ T WA TR I

2o (L DY LN PE

52 sz+1+<sz sz+1>e (Sz sz+1)e }

1 02 T B (11N
2 2 ) 2D e
s? sz+1}+L {(sz sz+1>e } - 2 s2+1)°

(t—sint) +[(t—2) —sin(t—2)JH(t—2)—2[(t—1) —sin(t—T1)]H(t—1)

(1)

The Laplace transform of a function f(t) is defined here as

F

o0

(s) = L{f(t)) = J eStF(t)dt

0

Substitute the given function and evaluate the integral.

F(s)

I

e

(

Stredtdt

0
_ae—st) eatdt

efsteat dt




Section 6.3

Problem 7
Statement
ﬂt)_{u 0<t<2
e =2 t>2
Solution

Write f(t) in terms of the Heaviside function, H(t), which is defined to be 1 if t >0 and 0
ift<O.

Problem 13

Statement

Solution

Apply the two transforms,

L{tn}zs% and  £{e®f(t)} =F(s—c),

together to solve this problem.

f(t) = L7 {F(s))

—ﬁ{ 3! }
B (s—2)*

_ 32t



Problem 16

Statement
F(S) _ eS +e—25 o e—3s e—4s
s
Solution
Apply the two transforms,
L{tY =" and L{f(t—c]H(t—c)} =F(s)e
s

together to solve this problem.

— —2s —3s —4s
1 [eS+e S —e 5 —¢
1{ }
S

:L—l {1e—s}+L—1 {le—ZS}_L—1 {1e—33}_L—1 {16—43}
S S S S
=(t—1) H{t—=1)+(t—2)"H(t—2)— (t—3)°H(t—3) — (t—4)°H(t—4)

=H(t—1)+H(t—2)—H(t—3)—H(t—4)

= (t) +uz(t) —u3(t) —ug(t)

Problem 20

Statement

Solution

Observe that the denominator can be written in terms of 3s.

1

Fs) = Ge7 239 13

Factor the denominator.




Partially decompose the fraction.

Apply the two transforms,

L{eat}:sl—a and F(ks)ZL{%f (%)},

together to get f(t)

f(t) = L7 {F(s))

_ 1 ]t/S 1 ]St/S
—'z(? )*z(?

1 1
= —get/g + get

S
Section 6.4

Problem 1

Statement

y'+y="~f(t); y(0)=0, y'(0)=T, f(t):{

Solution

Because the ODE is linear, the Laplace transform can be applied to solve it. The Laplace

transform of a function y(t) is defined here as

ww=Lmun=K3*MHMt

Consequently, the first and second derivatives transform as follows. Apply the Laplace
transform to both sides of the ODE.

L{y"+y} = L{f(t)}



Use the fact that the transform is a linear operator.
L{y”}+L{y}— L{f(t)}
[s2Y(s) —sy(0) —y(0)] + f37{ “SHDdt+ [, e st(0)dt
Plug in the initial condltlons, y(O) 0 and y'(0) =1.

37

[SZY(S) — 1] +Y(s) :J e Stdt

0

As a result of applying the Laplace transform, the ODE has reduced to an algebraic

equation for Y, the transformed solution.

(s2+1)Y(s)—1= (_%e—st) (3)71

(s2+1)Y(s)=1—1le3m 41

_ 1 o 1 —3713
Yis)= s(s2+1) s(sz+1) T Z—H

_(1_ s (1 _ s —37rs 41
T \s 5241 s s241 2+1
Take the inverse Laplace transform of Y(s) now to get y(t).

y(t) = L7{Y(s)}

1 s 1 s 1
_ 1 o N —3ms
=L {(s sZ—H) (s sZ—H)e Jrsz+1}

= (1—cost)—[1—cos(t—3m)H(t—37) +sint

=1+sint—cost—[1—cos(t—7)]H(t—3m)
=1+sint—cost—(1+cost)H(t—3mn)

=1+4sint—cost—(14cost)uz.(t)

Problem 2

Solution

Evaluate the inverse Laplace transforms.

In order to write Y(s) in terms of known transforms, use partial fraction decomposition.

1 _é+ Bs+C
s(s?2+2s+2) s s242s42

Multiply both sides by s (s?+2s+2).

1=A (52+23+2) +(Bs+C)s



Plug in three random values of s to get a system of three equations for A,B, and $C .$
s=0: T=2A
s=1: T=5A+B+C

s=2: 1T=10A+4B+42C
Solving this system yields A=1/2,B=—1/2, and C =—1.

12 —ts—1\ _ 12 —Is—1\ _ 1
Y — TS 2 27ts
() ( s +52+2$+2 ¢ s +52+2$+2 ¢ +52+25+2

Complete the square in the denominators.

1/2 —3s—1 B 1/2 —ls—1 B 1
Y _ S 2 2718
(s) (s tr2siii2-1)¢ s T2 zsi142)¢ Taizstiia

1

I R L e b LI s
s (s+1)2+1 s (s+1)2+1 (s+1)2+1
Make it so that s+ 1 appears in the numerators.
172 —S(s+1)—3| 12 —Is+1)-1| 1
Y — TS __ s, L
(s) [s O s {s121 eSS
121 s+l 1 1 oS
s 2(s+1)24+1 2(s+1)2+1
21 s+l 1 1 o2 | 1
s 2(s+1)241 2(s+1)2+1 (s+1)2+1

Take the inverse Laplace transform of Y(s) now to get y(t).

y(t) = L£7{Y(s)}

a2 1 sk 1 o
N s 2(s+1)2+1 2(s+1)2+1

12 1 s+l 1 S B
s 2(s+1)24+1 2(s+1)2+1 (s+1)2+1

a2 1 s 1 s
B s 2(s+1)241 2(s+1)2+1

_ ]/2 ] 5+] 1 1 _2 1 ]
—L 1 _ _ 7S L e
{[ s 2(s+1)Etd 2(s+1)2+1]e }+ {(s+1)2+1}

10



1 1 1
—(t—m) :
y(t)—{—z——ze cos(t—ﬂ)——ze

1T 1 1
— [E — ze_(t_zm cos(t—2m) — ze_(t_zm sin(t —27{)1 H(t—2m) +e ‘'sint

= (% + %e”_t cost+ %e“_t sint

T T ont 1 oot —t
Y _ )
(2 2e cost 2e sint | H(t—27) + e ‘sint

1
=5 (1+e™ ‘cost+e™ 'sint) H(t—m)
1
—3 (1 — e teogt—e? sint) H(t—2m)+e ‘sint
Therefore,

) 1 ) i
(1+e™ tcost+e™ 'sint) ux(t) — (1 —erteost— Pt smt) Wr(t)+e tsint

y(t) = >

N —
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